
Minimum Illumination Range Voronoi Diagrams∗

Manuel Abellanas†, Antonio Bajuelos‡, Gregorio Hernández†,
Inês Matos‡, Belén Palop§

Abstract

The MIR Voronoi diagram appears with the no-
tion of good illumination introduced in [3, 4]. This
illumination concept generalizes well-covering
[7] and triangle guarding [9]. The MIR Voronoi
diagram merges the notions of proximity and
convex dependency. Given a set S of planar light
sources, for each point q in the plane we search
for the subset Sq ⊂ S nearest to q and such that q
is an interior point of the convex hull of Sq. The
furthest point to q in Sq is called the Minimum
Illumination Range point (MIR point) of q with
respect to S. The MIR Voronoi diagram splits
the interior of the convex hull of S into several
regions, associating each point in S to its MIR
point. This diagram is motivated by optimization
problems on good illumination.
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1. Introduction

Illumination, also known as guarding or covering,
is a well studied subject in Computational Geome-
try (see [10] for a survey). The basic idea is the
following: one point-light p illuminates another
point q whenever the line segment with endpoints
p and q is unobstructed. Many generalizations of
this concept have been studied. Some of them
consider different kinds of obstacles and others
consider different kinds of visibility instead of the
usual straight line visibility. There are also papers
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considering quality conditions for the illumination
of objects. Canales et al. [3, 4] define good illumi-
nation, a generalization of both triangle guarding
[9] and well-covering [7].

Definition 1. Let S be a set of n light sources in
the plane. We say that a point q in the plane is
t-well illuminated by S if, and only if, every half-
plane containing q in its interior, contains at least
t points of S illuminating q.

The motivation behind this definition is the fact
that, in some applications, it is not sufficient to
have one point illuminated. It is necessary to have
several light sources illuminating some neighbour-
hood of the point [7]. This way, the greater the
number of light sources in every half-plane con-
taining the point q, the better the illumination of
q.

Canales [4] studies several problems related to
good illumination involving light sources and obs-
tacles in the plane. In real life applications, light
sources do not have unlimited illumination range,
so we add another quality condition (see [1] or
[2]) to the light sources: the limited illumination
range condition. These two papers consider op-
timization problems related with limited illumi-
nation range light sources. The main goal is to
compute the Minimum Illumination Range (MIR)
that light sources must have in order to well illu-
minate a set of points. Let us consider the fol-
lowing problem. Given a set S = {s1, . . . , sn} of
fixed light sources in the plane and a planar point
q, we want to compute which light sources of S
we are supposed to turn on to have q 1-well illu-
minated with the minimum light source power.
These light sources have the same illumination
range. The solution to this problem is given in
[2] with an O(n log n) algorithm that computes a
Minimum Illumination Range triangle that 1-well
illuminates q. A MIR triangle is a triangle con-
taining q in its interior and that minimizes the
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maximum distance between q and the furthest tri-
angle’s vertex to q.

If the planar point q moves continuously or if it
changes quickly from one spot to another, we have
to recompute the correspondent MIR triangle as
many times as necessary to maintain point q 1-well
illuminated. This problem generated the following
question: how do we preprocess the point set S to
get a quick solution?

For a fixed position of point q, the Minimum
Illumination Range needed to 1-well illuminate q
is determined by the nearest point to q, sq ∈ S
that allows q to be an interior point of the convex
hull of the subset Sq ⊂ S. This set contains sq

and all the points in S that are closer to q than
sq. The point sq is called the MIR point of q with
respect to S. The MIR point of q determines the
Minimum Illumination Range needed to 1-well il-
luminate q in each position. This condition moti-
vates the following definition of the MIR Voronoi
diagram.

Definition 2. Let S = {s1, . . . , sn} be a set of
light sources in the plane. For every light source
si ∈ S, the MIR-Voronoi region of si with respect
to the set S is the set MIR-VR(si, S) = {x ∈ R2 :
MIR point of x with respect to S is si}. The
set of all the MIR Voronoi regions is called the
MIR Voronoi diagram of S and will be denoted by
MIRV D(S).

To have a lighter notation, from now on MIR−
V R(s, S) will be denoted as V R(s, S), s ∈ S. In
Figure 1 there is an example of the diagram with
four light sources. In this case, the 1-well illumi-
nated area is a quadrangle. An obvious observa-
tion is that Voronoi regions are strictly contained
in the convex hull of S. The MIR Voronoi regions
are not necessarily convex (see Figure 1) and the
edges between them are line segments.

s1

s2

s3

s4

V or(s1)

V or(s2

V or(s3)
V or(s4)

V or(s1)

V or(s2)

Figure 1. MIR Voronoi diagram of a set of four
points. Note that s3 ∈ CH(S).

The MIR Voronoi diagram merges two very
different geometric concepts: convex dependency
and proximity. Every interior point of the convex
hull of S is associated with the nearest point in
S that verifies the convex dependency condition.
Many interesting questions that arise from this
new concept are ongoing work. The MIR Voronoi
diagram is a structure that allows us to compute
the Minimum Illumination Range for a point in
O(log n) time just by locating the point in the
diagram. In section 2 we give some properties of
the MIR Voronoi diagram in order to better un-
derstand the concept. In section 3 we give two
different algorithms for computing the diagram.
We conclude this paper with the conclusions and
future work section, followed by the acknowledg-
ments.

2. Properties of the MIR Voronoi
diagram

In this section we present some properties of the
MIR Voronoi diagram. Due to their simplicity,
some proofs will be omitted. The first lemma re-
lates 1-good illumination and MIR triangles.

Lemma 1. Let S be a set of n light sources in the
plane.

1. All the interior points of the convex hull of S
are 1-well illuminated.

2. Let q be an interior point of the convex hull
of S. Except for the degenerate case described
below, q is 1-well illuminated by S if, and only
if, there is a MIR triangle in S that 1-well
illuminates q.

The mentioned degenerate case is the following:
point q is such that the four nearest points of S to
q are in convex position and the two diagonals of
the convex hull of these four points intersect ex-
actly at point q. Note that there is not a MIR tri-
angle for a point in these conditions. We exclude
this possibility for point q. Nevertheless, consider-
ing MIR quadrilaterals instead of MIR triangles,
all the results are valid for this degenerated case.

Proposition 1. The light sources are vertices of
the MIR Voronoi diagram.

The following lemma has as a consequence that
interior lights are vertices of the diagram.



Lemma 2. If s is an interior light source of the
CH(S) then s is a reflex vertex of a Voronoi re-
gion.

Proof : Suppose that s ∈ V R(sf , S), this is,
sf ∈ S is the furthest vertex of a MIR trian-
gle that 1-well illuminates s. Let S′ ⊂ S be the
subset of light sources of S\{s} contained in D,
where D is the disk of radius d(s, sf ) centered
at s (see Figure 2). By the V R(sf , S) definition,
s /∈ CH(S′). Let s′ and s′′ in S be the support
points of s for CH(S′). Let s∗ ∈ S be the near-
est light source to s outside of the disk D and
let ε = 1

2(d(s, s∗) − d(s, sf )). Consider a disk
D′ ⊂ T (s′, s′′, sf ) centered at s whose radius is
smaller than ε. Each point z ∈ D′ situated in the
convex sector determined by the points s′, s and
s′′ does not belong to V R(sf , S) as T (s, s′, s′′) is
the MIR-Triangle that 1-well illuminates z and sf

is not one of its vertices. Each point x ∈ D′ situ-
ated in the reflex sector determined by the points
s′, s and s′′ belongs to V R(sf , S) as T (sf , s′, s′′) is
a MIR triangle to x. Therefore s is a reflex vertex
of V R(sf , S). ¤
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Figure 2. Light source s ∈ S is the vertex of some
regions in the MIRVD.

Note that a light source never is a vertex of its
Voronoi region. If a light source were a vertex
of its own Voronoi region then there would be a
MIR triangle that 1-well illuminates it and the
furthest vertex of that triangle would be itself.
This is impossible since the other two vertices of
the triangle must be further to the point than the
point itself.

Proposition 2. : The Voronoi region of a light
source s ∈ S is radially monotone (i.e. the inter-
section between V R(s, S) and any half-line with
origin in s is a line segment or an empty set).

Proof : For every point q in the plane, let qf be
the furthest vertex of a MIR triangle that 1-well

illuminates q, that is the site whose MIR-Voronoi
region contains q, and Cq the circle centered at q
that contains qf on its boundary. One verifies that
Cq contains a diameter separating qf from all the
light sources lying in the interior of Cq and there
is, at least, one light source interior to Cq in each
half circle determined by the line passing through
q and qf (see Figure 3(a)).

Let a and b be two different points on a half-line
with endpoint s such that d(s, a) < d(s, b) and
that a and b are in V R(s, S), that is, af = bf = s.
This implies that Ca is contained in Cb and
both circles are tangent to point s. Furthermore,
there must be two other light sources v and w
in the interior of Ca such that v, w and s are
the vertices of a MIR triangle for point a. Light
sources v and w cannot be in the empty half circle
of Cb and, as they are on different half planes
with respect to sa (this line also goes through
b since s, a and b are colinear), v, w and s also
determine a MIR triangle for b and for every point
x lying on the line segment ab (see Figure 3(b)). ¤
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Figure 3. (a) Cq is a circle centered at q that
contains the MIR point of q, qf , on its boundary.
(b) The triangle with vertices v, w and s is a MIR
triangle for all the points in ab.

Let S be a set of n light sources where
(cos( π

2i−1 ), sin( π
2i−1 )) are the coordinates of si.

This means that the light sources of S are located
on the circumference of radius 1 centered at (0, 0).

Lemma 3. With the above configuration of
lights, the light sources s1, s2, . . . , sk−1 are not
necessary to compute the MIRVD restricted to the
triangle T (sk, sk+1, sn), for all k = 2, . . . , n− 2.

For each triangle T (sk, sk+1, sn) consider the set
of triangles Tkj , j = k + 1, . . . , n, determined by
the line segments sksj , sksj+1 and the perpendi-
cular bisector between sk and sj+1. The triangles



Figure 4. S and the set of fans whose extreme vertices are s1, s2 and s3.

Tkj are fans whose extreme vertex is sk (see Figure
4).

Lemma 4.

1. The triangle Tkj ⊂ V R(sj+1, S), for all k =
1, . . . , n− 3 and for all j = k + 1, . . . , n− 1.

2. The points of the triangle T (sk, sk+1, sn) that
are not in the set of fans Tkm of the vertex sk

belong to V R(sk, S), this is,

T (sk, sk+1, sn)−
n⋃

m=k+1

Tkm ⊂ V R(sk, S).

Proposition 3. The MIR Voronoi diagram can
have quadratic complexity.

Proof : The set S described as above has a linear
number of regions of size O(n) and a linear num-
ber of regions with a linear number of connected
components. ¤

Proposition 4. Given the MIR Voronoi diagram
of a set S,

1. the MIR point of any point in the plane with
respect to S can be computed in O(log n) time

2. a MIR triangle of any interior point of the
convex hull of S can be computed in O(n)
time.

Proof :
1. It suffices to locate the point in the MIR

Voronoi diagram, which can be done in O(log m)
time being m the size of the planar partition.

As the MIR Voronoi diagram has a polynomial
size with respect to the number of light sources,
O(log m) = O(log n). ¤

2. We compute the furthest vertex sf of a MIR
triangle that 1-well illuminates s in O(log n)
time. After that, we can compute in linear
time two light sources that are inside the circle
centered at s with the distance between s and sf

as its radius and such that each light source is in
a different half circle with respect to ssf . Every
pair of light sources in these conditions together
with sf define a MIR triangle for point s and this
whole process requires O(n) time. ¤

3. Algorithms

We follow by presenting two algorithms to com-
pute the MIR Voronoi diagram. The first algo-
rithm divides the plane in a similar way to the
one we did on the algorithm MIR-Segment [1, 2]
and runs in O(n5 log n) time. The second algo-
rithm is faster and takes advantage of the ordinary
Voronoi Diagrams. It requires O(n5) time.

3.1. The First Algorithm

We now present the first algorithm to compute the
MIR Voronoi diagram (MIRVD). This algorithm
divides de plane into several regions. Each region
is assigned the same colour as the furthest vertex
in a MIR triangle that 1-well illuminates it. There
is an example of this algorithm in Figure 5.

Let S be a set of n light sources in the plane.
There is an auxiliary algorithm called MIR-Point



[1, 2] that runs in O(n log n) time as explained
before.

Input: A set S of n light sources in the plane.
Output: MIRVD, the MIR Voronoi diagram.

1. Assign each light source with a different colour.

2. Compute the arrangement of the line segments
connecting every pair of light sources and of all
the lights’ perpendicular bisectors. This proce-
dure divides the plane in several regions.

3. For each region within the CH(S) do
Choose an interior point of the region and
compute the algorithm MIR-Point to find the
furthest vertex in the MIR triangle.
Assign all the points in the region to the
colour of the light source just found.

(a) (b)

(c)

Figure 5. (a) Each light source has a different
colour. (b) The plane is divided in eight regions
by the perpendicular bisectors and the line seg-
ments connecting all the light sources. (c) The
final MIRVD for the points inside the CH(S).

Proposition 5. Given a set S of n light sources
in the plane, the algorithm described above com-
putes the MIRV D in O(n5 log n) time.

Proof :
Correctness: Suppose that we have a coloured

region R and that there is, at least, one point
r ∈ R whose furthest vertex in some MIR trian-
gle that 1-well illuminates r has a different colour.
This means that r is not in the same MIR trian-
gle as some of its neighbouring points or that r
is in the same MIR triangle as its neighbours but

the furthest vertex is not the same. r must be in-
side the same MIR triangle as its neighbours since
they are all in R. This could only happen if r and
its neighbours were in opposite sides of a line seg-
ment connecting two light sources, this is, r would
not be in the same region as its neighbours. Then
r must have a different furthest vertex from its
neighbours in the same MIR triangle. This means
that the perpendicular bisector between the fur-
thest vertex to r and the furthest vertex to its
neighbours must separate the r from its neigh-
bours, this is, they must be in different regions.

We conclude that every point in the same
computed region has the same furthest vertex in
a MIR triangle that 1-well illuminates them, this
is, every point in the same region has the same
colour.

Complexity Analysis: Step 1 can be car-
ried out in O(n). Step 2 takes O(n2). Step 3
requires O(n5 log n) since we have to compute
the arrangement of a quadratic number of lines
which generate up to O(n4) regions. Applying
the algorithm MIR-Point to each region gives us
the final complexity. ¤

3.2. The Second Algorithm

Finally, we present the best algorithm known
so far to compute the MIR Voronoi diagram
(MIRVD). This algorithm takes advantage of
the ordinary Voronoi Diagrams. Starting with
the order 3 Voronoi Diagram, we know that
each point inside the same region has the same
three nearest light sources, this is, each point is
illuminated by three light sources. To have these
points 1-well illuminated we need to check if they
are inside the convex hull of the three nearest
light sources to them. We keep all the points that
are 1-well illuminated. After we are done with the
order 3 Voronoi Diagram, we get some possibly
disconnected regions where the points are 1-well
illuminated by the three nearest light sources to
them. Then we need to find the furthest light
source to each point, this is, we need to compute
the Furthest Voronoi Diagram to each region.
After this, we are left with the points that are
not 1-well illuminated by the three nearest light
sources. Then we check whether the four nearest
light sources are sufficient to 1-well illuminate the



points left and repeat the described procedure.
If four light sources are not enough, we continue
increasing the number of light sources until, in
the worst case, we reach the Furthest Voronoi
Diagram. It is easy to find an example where
the furthest light source in the MIR triangle that
1-well illuminates a point is indeed the furthest of
them all. We stop when we have all the possible
points coloured. There is an example of this
algorithm in Figure 6.

Input: A set S of n light sources in the plane.
Output: MIRV D, the MIR Voronoi Diagram.

1. Compute all the order k Voronoi Diagrams,
3 ≤ k ≤ n− 1.

2. D ← ∅, k ← 3.

3. While Area(D) < Area(CH(S)) do

For each region R of the k order Voronoi
Diagram do

R ← R\D.
Compute the intersection I between the
region R and the convex hull of the k
nearest light sources to it.
If I 6= ∅ do

Compute the Furthest Voronoi Diagram
of I.
D ← D ∪ I, k ← k + 1.

4. MIRV D ← D.

Proposition 6. Given a set S of n light sources
in the plane, the algorithm described above com-
putes the MIRV D in O(n5) time.

Proof :
Correctness: To prove that this algorithm also

works, suppose that we have a region R and that
there is, at least, one point r ∈ R whose furthest
vertex in a MIR triangle that 1-well illuminates r
is different from the furthest vertex on a MIR tri-
angle that 1-well illuminates its neighbours. The
point r is in the intersection between an order k di-
agram and the convex hull of its k nearest lights.
As we are not working with the regions already
1-well illuminated, r is not 1-well illuminated by
its k−1 nearest light sources, this is, r is not inside
the convex hull of its k − 1 nearest light sources.
Following this, we know that the kth nearest light
source to r is the one that makes it possible for
r to be 1-well illuminated, this is, the kth nearest

(a) (b)

(d)(c)

Figure 6. (a) Each light source has a different
colour. (b) The 3 order Voronoi Diagram is repre-
sented by the dashed lines. The first intersection
between a triangle formed by three light sources
and one of the regions of the 3 order Voronoi Di-
agram after the colouring. (c) The second inter-
section between a triangle formed by three light
sources and one of the regions of the 3 order
Voronoi Diagram after the colouring. (d) The fi-
nal MIRVD.

light source to r is the furthest vertex of a MIR
triangle that 1-well illuminates it. If we compute
the Furthest Voronoi Diagram and the furthest
vertex on a MIR triangle that 1-well illuminates r
is different from the furthest vertex on a MIR tri-
angle that 1-well illuminates its neighbours, then
r does not belong to R.

We conclude that every point in the same
computed region has the same furthest vertex in
a MIR triangle that 1-well illuminates them.

Complexity Analysis: Step 1 can be carried
out in O(n3) [6]. Each Voronoi Diagram can have
up to O(n2) regions. Though the Voronoi regions
are convex, the clipping might result on a non
convex-region (polygon with a hole). This way,
the intersection of the two regions requires O(n2)
and the Furthest Voronoi Diagram can be com-
puted in O(n log n). Following this, step 2 re-
quires O(n4) for each Voronoi Diagram. We get
to an overall complexity of O(n5). Step 3 has a
constant complexity. ¤



Figure 7. An example of a MIRVD when the set S
is in convex position.

Figure 8. The Voronoi region of the point in
the middle has a hole.

4. Examples

In this section we present some examples of the
MIRVD. The originals are coloured but these are
still fascinating. In Figure 4 we can see an exam-
ple of a MIRVD with a quadratic number of re-
gions. In Figure 7 we can see an example of a
MIRVD when the set S is in convex position and
its points are in a degenerate circular position. In
Figure 8 we have the same set of points in convex
position but we added one point in the middle. It
is quite clear that the Voronoi region of this new
point has a hole. Actually, these Voronoi regions
cannot have more than one hole because of their
radial monotonicity.

5. Conclusions and Further
Work

Let us face the problem that motivated the
MIRVD structure. The problem we wanted to effi-
ciently solve was to compute a set of light sources
among the n given that we need to turn on in each
moment in order to maintain a point q well illu-
minated. The point q is continuously changing its
position or jumping to another spot in the plane.
As we can select the light sources’ illumination
range, we want to optimize the power needed to
illuminate q. We consider the case where all the
light sources have the same power and we also
consider that the light sources’ power is linearly
dependent to the distance between a light source
and the furthest point it illuminates.

The idea is to turn our problem into a discrete

one by keeping the position of the moving point at
discrete instant times. It is possible to solve the
problem for a fixed position in O(n log n) time
by computing a MIR triangle for q with respect
to the set of light sources (see [2]). This rises
a O(kn log n) algorithm where k is the number
of points after the movement of q has been dis-
cretized.

If the MIR Voronoi diagram is computed in a
prior step, we can locate a point q in the diagram
and know its MIR point in O(log n) time. As
we have seen, a MIR triangle can be computed
in O(n) time. So, by using the MIRVD the to-
tal amount of time needed for k discrete steps is
O(kn).

Note that if all the light sources are turned on
permanently and we can only vary the power of
all of them at the same time, the Minimum Illu-
mination Range needed in each moment can be
computed in O(log n) time. We can lower this
complexity and make it constant for every step
(except for the first one) in the practical cases
where the point q moves continuously following
a known trajectory. Note that if a point lies in
a region of the MIRVD, it can only move to its
adjacent regions.

We are working to obtain more properties of the
MIR Voronoi diagrams as well as on improving
the algorithms’ complexities. Lower bounds are
also being studied. We know that the MIR point
problem is not a LP type problem, which sug-
gests that the lower bound will fit the O(n log n)
upperbound we provide. We also conjecture that
the Ω(n2) lower bound we have for the size of the



MIRVD is tight.
This is an ongoing work which is part of [8].
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Computacional, pp 231-238 (2005).

[2] M. Abellanas, A. Bajuelos, G. Hernandez,
I. Matos, “Good Illumination with Limited
Range Lights” to appear in Proc. of the In-
ternacional Conference of Numerical and Ap-
plied Maths 2005, (2005).

[3] M. Abellanas, S. Canales, G. Hernandez,
“Buena Iluminación”, Actas de las IV Jor-
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